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We disprove a conjecture of B. Griinbaum by constructing an arrangement &I2 
of 12 (straight) lines in the projective plane such that in the cell complex associated 
with & no two triangles have a common vertex. Furthermore we describe recur- 
sive constructions for pseudoline arrangements without adjacent triangles. 0 1989 
Academic Press, Inc. 
1. INTRODUCTION AND STATEMENT OF THE REUJLTS 
A finite family ~4 of (straight) lines in the real projective plane P*, not all 
of which pass through one point, constitutes an arrangement of lines. If no 
point of P* is contained in more than two lines, then the arrangement ~4 is 
simple. SS? decomposes P* into a two-dimensional cell complex, the O-faces, 
l-faces, and 2-faces of which are called vertices, edges, and faces of &. Two 
arrangements are isomorphic if the corresponding cell complexes are 
isomorphic. 
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These definitions as well as many other combinatorial properties 
generalize to arrangements in which “curved lines” are permitted. More 
precisely, an arrangement of pseudolines is a finite family d of simple closed 
curves in P2 such that every two curves have exactly one point in common, 
each crossing the other at this point, while no point is common to all 
curves. 
Recall the following results on the number of triangles in arrangements. 
THEOREM 1 [8, Section 2.4; 9; 11; 131. Let A? be an arrangement ofn 
pseudolines, and let p3 denote the number of triangles in d. Then: 
(1.1) p3>n. 
(1.2) p,<fn(n-l)forallnB10(andalln~4ifdissimple). 
(1.3) Moreover, the lower bound (1.1) is attained by arrangements of 
(straight) lines for all n ~4, while the upper bound (1.2) is attained for 
an infinite family of pairwise non-isomorphic simple arrangements of 
pseudolines. 
Let us note that the analogous lower bound for the number of simplices 
in higher dimensional arrangements of hyperplanes fails for pseudohyper- 
planes [ 151. 
An arrangement & of pseudolines is stretchable if it is isomorphic to 
an arrangement of (straight) lines. While every arrangement of n < 8 
pseudolines is stretchable by a result of Goodman and Pollack [S], there 
exist several non-stretchable arrangements of 9 pseudolines due to Ringel 
[lo]. An example of a non-stretchable simple arrangement &g of 9 
pseudolines in described in [6, Fig. 3; 8, Fig. 3.31. Moreover, Bokowski 
and Sturmfels [l] have shown that for every n b 5, there exists a non- 
stretchable simple arrangement ZZ, of 2n pseudolines such that every 
proper subarrangement of Z7, is stretchable. 
By a result of Folkman and Lawrence [4], there is a one-to-one 
correspondence between arrangements of pseudolines and (orientation 
classes of) rank 3 oriented matroids. Thus, the fundamental problem of 
enumerating all isomorphism types of arrangements with a given number 
of lines reduces to the purely combinatorial problem of enumerating all 
pseudoline arrangements and the (hard) geometric problem of deciding 
their stretchability. In particular, it seems crucial to find combinatorial con- 
ditions which guarantee that a given pseudoline arrangement is or is not 
stretchable. In his paper on “the importance of being straight” Griinbaum 
conjectured several such conditions. Some of them have recently received 
an answer [9, 1 I, 123: for instance, an arrangement with p3 = n is simple 
[ 123. One of the yet undecided conditions was: 
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Conjecture (Griinbaum [6, Conjecture 33). In every arrangement of 
lines some two triangles have a common vertex. 
This conjecture fails for pseudolines. The smallest example is the 
arrangement d9. In fact, there are infinitely many pairwise non-isomorphic 
such arrangements. For, by a construction due to the second author which 
will be discussed in Section 4, every arrangement of n pseudolines without 
adjacent triangles extends to an arrangement of n + 1 pseudolines with the 
same property. 
As the main result of this paper we disprove Griinbaum’s conjecture. 
THEOREM 2. There exists a simple arrangement JzI,~ of 12 lines such that 
no two triangles of &,2 have a common vertex. 
By the well-known correspondence between line arrangements and 
3-dimensional zonotopes [S], Theorem 2 admits the following convex 
geometrical reformulation. (As usual, a vertex of a convex 3-polytope is 
simple if it is contained in exactly three facets.) 
COROLLARY 3. There exists a 3-zonotope Z,2 with 12 zones and 134 
vertices such that every facet of Z,, contains at most one simple vertex. 
B 
4 A 
A 4 
FIG. 1. The (stretchable) arrangement J&‘\~ of 12 pseudo-lines with adjacent triangles. 
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TABLE I 
Homogeneous Coordinates for the Lines I, of J&: Ii = {(x. y, z) E P* 1 six + b, y  + c,z = 0) 
;: -1  0 1 5000 5  0 1 90 6 80 1 160 15 -12 01 -1 82 -15 -2 0  -12 9 
c, 1 0 1 0 -1 -1 -1 -1 -1 1 1 10 
2. DESCRIPTION OF THE ARRANGEMENT d12 
The pseudoline arrangement &‘,, described in Fig. 1 has the desired 
property that no two of its triangles have a common vertex. Observe that 
all proper subarrangements and all arrangements obtainable from &i2 by 
“switching” the orientation of one triangle do have adjacent triangles. 
The arrangement zZ’,* has 67 faces, more precisely, 16 triangles, 39 
quadrangles, and 12 pentagons. The 16 triangles can be read off from 
Table II where they correspond to the underlined triples. The second 
author constructed the arrangement &“,* from the unique simple 
arrangement of 5 pseudolines by recursively applying a procedure which, at 
each step, reduces the number of adjacent pairs of triangles, compare 
Section 4. 
The first and the third authors found coordinates for an arrangement 
&‘,2= {ii, l,, . . . . [r2} of 12 (straight) lines which is isomorphic to &iZ. 
Homogeneous coordinates for the lines lj are listed in Table I. Due to its 
special structure, the space of possible coordinatizations is extremely 
“narrow,” and, in spite of computer graphics support, it was impossible for 
us to obtain a reasonable diagram for &i2. 
3. OUTLINE OF THE STRETCHABILITY PROOF 
In this section we sketch the combinatorial and algebraic reduction steps 
which led to the stretchability proof for &‘,a. Using the correspondence of 
Folkman and Lawrence [4], we assigned to &i2 a uniform rank 3 oriented 
matroid M,* such that Ml2 is representable if and only if &9;2 is 
stretchable. 
Let x1*: (1, 2, . . . . 9, 0, A, B}3 + { - 1, + 1 } denote the chirotope 
associated with M,,, that is, x1* assigns to every basis of M,* its orien- 
tation. It turned out that Algorithm 4.2 in [3] was not applicable to this 
chirotope. We then used a method due to J. Bokowski, see [2], to deter- 
mine a small rP&ced system for x r2, that is, a subset W of triples [ijk] such 
that the orientations of 9 uniquely determine xlZ. Such a reduced system 
a is listed in Table II, it contains 47 of the (\‘) = 220 bases. Note that, by 
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TABLE II 
A Reduced System for the Chirotope x,~. 
The Underlined Bases Correspond to Triangles in the Arrangement diz 
[124]+ 
[13A] + 
[23A] + 
[240] + 
[278] - 
[ZAB] + 
[45A] - 
[40A ] + 
[125] + 
[14A]- 
[245] - 
[24A] + 
[27A] + 
[34A] + 
[468] - 
[4AB] - 
[126]+ [127]+ [128]+ [12A] + 
[14B] + [16A]- c1701+ [234] - 
[246] - [247] - [248] - [249] - 
[24B] + [25A] + [269] + [26A] + 
[28A] + [29A] + [2OA] - [20B] - 
[359] - [37A] - c3w + [450] - 
[46A] - [47A] - [48A] - [49A] + 
[567] + [5AB] + [8OA] - - - 
the results of [15], the triangles of a;, are necessarily contained in every 
reduced system 9 ofXi2. After an admissible projective transformation, 
every 3 x 12-coordinate matrix for xL2 is of the form 
-1laO b c d e -f -g 0 -h 
A= -1 0 i 1 j k I m n -0 0 -p 
1 0 1 0 -1 -1 -1 -1 -1 1 1 1 
where a, b, c, d, e, f, g, h, i, j, k, I, m, n, o, and p are positive real numbers 
satisfying the determinant inequalities given by the underlined triples in 
Table II. For example, [567] + corresponds to the inequality 
det (1, {, I,) =(c-b)(k-I)-(d-c)(j-k) > 0. 
Deleting 12 trivial inequalities and 16 inequalities which express the 
positivity of the variables, we are left with a system of 19 inequalities in 16 
positive variables. This system, which is listed in Table III, has been solved 
by hand calculations. It can be shown that, as a consequence of the 19 
inequalities, all brackets are necessarily positive. 
In view of the isotopy conjecture, see [3, Section 61, it would be 
interesting to know whether the semi-algebraic variety in RI6 defined by 
the system in Table III is connected. 
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TABLE III 
Inequality System in 16 Positive Variables 
Describing All Coordinatizations (Modulo Projective Equivalence) 
of the Chlrotope xl1 
l<j 
l<k 
1<1 
l<m 
I<h 
i<U 
c<k 
k<n 
m-cl 
P-=0 
g<b 
c-cc 
al<id 
hj<bp 
mg<eo 
(O--I)(d-g)<(l-o)(g--) 
(b+a)(i+n)<(a-f)(i+ j) 
(e-h)(i+m)<(e+a)(m-p) 
(d-c)(j-k)<(c-b)(k-I) 
[125]+ 
[126]+ 
[127]+ 
[128]+ 
[14B]+ 
[13A]+ 
[16A]- 
[269] + 
[278] - 
[2OB] - 
[450] - 
[468] - 
[37A] - 
[SAB]- 
[80A] - 
[1701+ 
[359]- 
[38B] + 
[567] + 
4. RECURSIVE CONSTRUCTION OF ARRANGEMENTS WITHOUT 
ADJACENT TRIANGLES 
In this section we discuss the following two related results due to the first 
two authors. 
THEOREM 4. Let d be a simple arrangement of n pseudolines without 
adjacent triangles. Then it is possible to extend d to a simple arrangement of 
n + 1 pseudolines without adjacent triangles. 
THEOREM 5. Let d be a simple arrangement of n pseudolines with k 2 1 
pairs of adjacent triangles. Then it is possible to extend d to a simple 
arrangement of n + 3 pseudolines with at most k - 1 pairs of adjacent 
triangles. 
It would be interesting to know whether similar extension theorems hold 
also for arrangements of (straight) lines. We give a complete proof for 
Theorem 4, but we only sketch the proof for Theorem 5. 
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FIG. 2. Two alternating triangles. 
Proof of Theorem 4. We call two triangles T, and T2 alternating if they 
are disposed as shown in Fig. 2, i.e., if there is an edge e of d which joins a 
vertex of T, and a vertex of T2, and no face of d is incident to an edge of 
T, and an edge of T2. Observe that a given triangle T of d alternates with 
at most 6 triangles of d. 
Suppose that T alternates with less than 6 triangles. We then have a con- 
figuration in d consisting of T, an edge e, and a non-triangular face F of 
d as shown in Fig. 3. Let p and q denote the pseudolines in J&’ which 
contain the vertices u := e n T and v := en F, respectively, but which do 
not contain e. Let w  := p n q. 
Adding the pseudoline m drawn as a dotted line in Fig. 3, we extend d 
to a simple arrangement of n + 1 pseudolines without adjacent triangles. 
More precisely, consider the simple closed curve fi in P2 which is the union 
of the segments e, Uw and Wu, where the last two segments contain edges of 
F and T, respectively. The new pseudoline m is close to the curve 15; i.e., 
there is no vertex of S! between them, and such that m n 51 E T and 
m n F # a. Observe that the only two triangles in the angle between m and 
fi are those shaded in Fig. 3, and therefore there are no new adjacent pairs 
of triangles in d u (m}. 
FIG. 3. Recursive construction of arrangements without adjacent triangles. 
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In order to complete the proof of Theorem 4, it suffices to show the 
existence of such a triangle T. Suppose on the contrary that each triangle of 
d alternates with 6 other triangles of d. Then the triangles alternate as in 
Fig. 2 along each pseudoline of d. This implies that each face of &’ has an 
edge in common with at least one triangle of d. 
Let F be a p-sided face of d, with p 2 4, let e, , e2, . . . . eP denote the edges 
of F in cyclic order, and suppose w.1.o.g. that e, is an edge of a triangle of 
d. Then the alternating rule implies that e4 is also an edge of a triangle of 
d. Considering the indices modulo p, e3k+ i is similarly an edge of a 
triangle of d for every integer k. It follows that p z 0 (mod 3) because no 
two triangles of & are adjacent by assumption. 
But this contradicts a theorem of T. 0. Strommer [ 16, Corollary 41 
which states that in every simple arrangement of n > 4 pseudolines, there is 
always a 4- or 5-sided face, see also [14]. 1 
FIG. 4. Construction to reduce the number of adjacent pairs of triangles. 
582a/SO/i-3 
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In order to prove Theorem 5, we need to distinguish three cases (a), (b), 
and (c) as depicted in Fig. 4. 
In each case X and Y are adjacent triangles with common supporting 
pseudoline m, and Z is the next closest triangle to Y along m. In the cases 
(a) and (b) the adjacent pair XY is deleted with no new adjacent pair of 
triangles occurring, while in case (c) the two adjacent pairs XY and YZ are 
reduced to one new adjacent pair. 
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